A discrete-time logistic model with delay is studied. The existence of a positive periodic solution for a discrete-time logistic model is obtained by a continuation theorem of coincidence degree theory, and a sufficient condition is given to guarantee the global exponential stability of a periodic solution. Finally, an example is given to show the effectiveness of the results in this paper.
Introduction
Examples of the discrete phenomena in nature abound and somehow the continuous version have commandeered all our attention -perhaps owing to that special mechanism in human nature that permits us to notice only what we have been conditioned to. The theory of difference equations has grown at an accelerated rate in the past decades; see [-] .
In this paper, we discuss the existence and exponential stability of positive periodic solution for the following logistic model:
, n ∈ Z, and obtained the oscillatory and asymptotic behavior of solutions of (.). Liu and Ge [] considered the difference equation
where p(n) is nonnegative, r(n) is a real numbers sequence. Suppose lim x→ f (x) x = -b <  and xf (x) < , |f (x)| ≤ γ |x| for all x = , the authors proved that if
then every solution of (.) tends to zero as n tends to infinity. Li et al.
[] used the upper and lower solutions method to show that there exists a λ * >  such that the nonlinear functional difference equation
has at least one positive T-periodic solutions for λ ∈ (, λ * ) and does not have any positive So far, to the best of the authors knowledge, there are few results for the existence and stability of positive periodic solutions to (.). The major challenges are as follows: () In order to obtain existence of positive periodic solutions, we must change (.) to the proper form by a variable transformation. How can we choose the above variable transformation, which is the key to the study of (.)? () Since it is very difficult to construct a Lypunov functional to (.), how can we choose a proper special function for obtaining the stability results, which is significant to our proof? () It is non-trivial to establish a unified framework.
It is, therefore, the main purpose of this paper to make the first attempt to handle the listed challenges.
Remark . Equation (.) was proposed by Pielou [] in , which is a discrete analog of the delay logistic equation
A classic logistic model has received great attention from theoretical and mathematical biologists and has been well studied; see e.g.
The following sections are organized as follows: In Section , the existence of positive periodic solution to (.) is obtained. In Section , sufficient conditions are established for the global exponential stability of (.). In Section , an example is given to show the feasibility of our results.
Existence of positive periodic solution
Let X and Y be real Banach spaces and let L :
If L is a Fredholm operator with index zero, then there exist continuous projectors P :
Let be an open bounded subset of X, a map
We first recall the famous Mawhin continuation theorem.
Lemma . [] Suppose that X and Y are two Banach spaces, and L : D(L) ⊂ X → Y , is a Fredholm operator with index zero. Furthermore, ⊂ X is an open bounded set and N :¯ → Y is L-compact on¯ . If all the following conditions hold:
(
and
Now, we state the main results and give its proof.
Theorem . Suppose that assumptions (H  ) and (H  ) hold: (H  ) there exists a constant C >  such that if x(n) is a N -periodic sequences and satisfies
then we have
Then (.) has at least one positive N -periodic solution.
Proof In order to obtain the positive periodic solution of (.), let x(n) = e y(n) , then from (.) we have
with the initial condition
where α(n) > , β(n) >  are N -periodic sequences, τ is a positive integer. Define
Let l N ⊂ l denote the subspace of all N -periodic sequences equipped with the norm 
Since Im L ⊂ Y and D(L) ∩ Ker P ⊂ X, K p is an embedding operator. Hence K p is a completely operator in Im L. By the definitions of Q and N , one knows that QN(¯ ) is bounded on¯ . Hence the nonlinear operator N is L-compact on¯ . We complete the proof in three steps.
Step . Let  = {y ∈ D(L) ⊂ X : Ly = λNy, λ ∈ (, )}. We show that  is a bounded set. If ∀y ∈  , then Ly = λNy, i.e.,
∀x ∈  , summing on both sides of (.) from  to N - with respect to n, we have
Thus, from (.) and condition (H  ) we obtain
We claim that there exist a point k ∈ Z and a constant M  >  such that
Otherwise, for any M  >  and each n ∈ I N , one has
In view of assumption (H  ), we see that this contradicts (.). Hence (.) holds. Denote
In a similar way, from (.) and assumption (H  ), there exist a point ξ  ∈ I N and a constant M  >  such that
Therefore, it follows from Lemma ., (.), (.), and (.) that
Step . We will show that condition () in Lemma . satisfies. Let Step . We will show that condition () in Lemma . holds. Take the homotopy
We claim H(y, μ) =  for all y ∈ ∂ ∩ Ker L. If this is not true, then
From Lemma ., we know that Lx(n) = Nx(n) has at least one periodic solution in¯ . That is, (.) has at least one positive N -periodic solution. The proof is completed.
(ii) one of the following two conditions holds: 
Global exponential stability of periodic solution
In this section, we establish some results for exponential stability of the N -periodic solution of (.).
Definition . The periodic solution of (.), y * (n) is globally exponentially stable if there exist constants μ >  and L >  such that
where y(n) is a solution of (.) with the initial value condition y(n) = ψ(n), ψ * is the initial value of y * (n), and
Theorem . Under the conditions of Theorem ., assume further that:
where L is a positive constant. Then system (.) has a N -periodic solution x * (n), and there exists λ  >  such that
Proof By (.), we have
For λ ∈ R, define the function
From condition (i), we have F() > . So, there exists some constant λ  >  such that F(λ  ) > . Then by (.), we have
Z , then by (.) and condition (ii), we have
Otherwise, there exists n  ∈ Z + such that
By (.) and condition (i) we have
The proof is completed.
Remark . Because (.) contains the nonlinear term
which results in great difficulty in obtaining exponential stability, we add condition (ii).
Remark . In general, the Lyapunov functional method is crucial for studying stability problems. In the present paper, due to the stronger non-linearity of (.), the Lyapunov functional method is not valid. We overcome these difficulties by constructing a novel functional, which is different for the corresponding ones of past work.
Numerical simulations
This section presents an example to demonstrate the validity of our theoretical results:
x(n + ) = -cos nπ  x(n)  + .x(n -τ )
, n ∈ Z, (  .  ) In this paper, we discussed the existence and stability of positive periodic solutions for (.). First, the sufficient conditions that ensure the existence of a positive periodic solution were obtained by using the continuation theorem and some inequality techniques. Then a non-Lyapunov method was used to establish the criteria for the global exponential stability of the periodic solution. Finally, a numerical example was presented to demonstrate the effectiveness of our theoretical results. The proposed criteria in this paper are easy to verify. The proposed analysis method is also easy to extend to the case of other differential equations.
